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Problem Definition

We consider the minimization of a smooth objective function f (x)

over a Hilbert spaceH, where the solution must lie in the intersection
of multiple compact, convex, and nonempty constraint sets Ci:

min
x∈H

f (x) subject to x ∈
m⋂
i=1

Ci. (∗)

Finding a projection onto the full intersection is often
computationally prohibitive, motivating a decoupled ap-
proach. We make use of newer research on Frank-Wolfe
Splitting Algorithms (FWSAs).

Fig. 1: Standard Frank-Wolfe Visualization [2]

Product Space Reformulation

To decouple the constraints, we lift the problem into a
product space:

x = (x1, x2, . . . , xm) ∈
m

×
i=1

Ci ⊂ Hm.

Further define A : Hm→ H by

A(x1, x2, . . . , xm) =
m∑
i=1

ωixi

where
∑m

i=1 ωi = 1 and ωi ∈ (0, 1] for all 1 ≤ i ≤ m.
Then minimize a penalized objective over the Cartesian
product:

min
x×m

i=1Ci

f (Ax) +
1

2
λdist2D(x),

where D is the diagonal subspace and λ is a smoothing
parameter.

x = (x∗, x∗, . . . , x∗) ∈ D and Ax ∈ argmin f (x) gives
a point x∗ that is a solution to (∗).

SCG Algorithm [4]

The Split Conditional Gradient (SCG) Algorithm (Wood-
stock 2025) Uses this product space reformulation and has
been proven to converge for convex and non-convex ob-
jectives.

LMO Evaluation Barrier

SCG requires m LMO evaluations per iteration for m con-
straint sets. We employ a block-coordinate update scheme
which has been proven to converge for convex and non-
convex objectives [1] to form the Split Block-Coordinate
Frank-Wolfe (SBCFW) Algorithm, requiring only 1
LMO evaluation per iteration to show convergence.
We only require that after some K ≥ 1 iterations, all
constraint sets have had their respective LMO evalu-
ated at least once.

The SBCFW Algorithm

Algorithm 1: Split-Block-Coordinate Frank-Wolfe

Require: (Lf + λ)-Smooth function f , weights {ωi}i∈I
where |I| = m s.t.

∑
i∈I ωi = 1 and ωi > 0 ∀i ∈ I ,

initial x0 ∈×i∈I Ci, access to (LMOi)i∈I, and⋃K−1
k=0 It+k = I

1: x0←
∑

i∈I ωix
i
0

2: for t = 0, 1 to . . . do

3: Choose a block It ⊆ I, s.t. It ̸= ∅
4: Choose penalty parameter λt ∈ ]0,+∞[

(f is (Lf + λt)-smooth)

5: gt← ∇f (xt)

6: for i = 1 to m do

7: if i ∈ It then

8: vi
t← LMOi(gt)

9: γi
t = min

{
1, ⟨gt|xi

t−vi
t⟩

(Lf+λt)||vi
t−xi

t||2

}
10: xi

t+1← xi
t + γi

t(v
i
t − xi

t)

11: else

12: xi
t+1← xi

t

13: end if

14: end for

15: xt+1←
∑

i∈I ωix
i
t+1

16: end for

Notation and Definitions

Let R be the diameter of ×m
i=1Ci. After choosing λ0, define

λn := λ0(n + 1)q with q ∈ (0, 12). Then, define H0 = Fλ0
(x0) −

minx∈×m
i=1Ci

f (Ax), and

En:= 2H0 +D(λn − λ0),

Vn:= K(Lf + λn)R
2,

Ān:=
1

n

n−1∑
p=0

ApK,λ.

Convergence and Rates

Using our defined terms, we find that for sufficiently large
n our average Frank-Wolfe gap is bounded as follows:

1

n

n−1∑
p=0

GI,λpK
(xpK) ≤


En

n
+
Vn

2
− Ān if n ≤ 2En

Vn
,√

2EnVn

n
− Ān otherwise.

Note: All analysis is for the non-convex case, and

therefore holds for the convex case as well. Using this

block-coordinate update scheme, analysis reveals that the

SBCFW algorithm yields a convergence rate of O(t−1/4)
on the average smoothed Frank-Wolfe gap in the non-

convex case.

Preliminary analysis using [3] suggests that a

convergence rate of O(t−3/8) on a subsequence

of smoothed Frank-Wolfe gaps can be achieved,

and that a schedule for λt can be adjusted to

allow for a convergence rate of O(t−1/3) on the

product space objective.
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